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Abstract 

Borrowing ideas from tight binding model, we propose a board class of Lattice 
QFT models that are classified by the ADE Lie algebras. In the case of ^at-i — 
su {N) series, we show that the couplings between the quantum states living at 
the first nearest neighbor sites of the lattice vCsu(Ar) are governed by the complex 
fundamental representations N and N of su (N); and the second nearest neighbor 
interactions are described by its adjoint N(g)N. The lattice models associated 
with the leading su{2), su{3) and (4) cases are explicitly studied and their 
fermionic field realizations are given. It is also shown that the su(2) and su(3) 
models describe respectively the electronic properties of the acetylene chain and 
the graphene. It is established as well that the energy dispersion of the first nearest 
neighbor couplings is completely determined by the An roots a through the typical 
dependence N/2 + Croats (k.a) with k the wave vector. Other features such as 
DE extension and other applications are also discussed. 

Keywords: Tight Binding Model, Graphene, Lattice QFT, ADE Symmetries. 

1 Introduction 

Tight Binding Model (TBM) P El El g] is a particular lattice QFT |5l El [3 [8] modeling 
couplings between quantum states living at closed neighboring sites. The interactions 
are modeled in terms of hops of crystal particles or holes; and brings together issues 
from High Energy Physics and Condensed Matter P [101 [III [El IISl [H [15] . Despite the 
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restriction to the first nearest neighbor interactions, the studies based on TBM have been 
shown to capture the main information on the physical properties of lattice systems; like 
in graphene [Ml HTJ HE] whose basic physical properties have been related to QED in 
(2 + 1) dimensions; for reviews see [9l HO], refs therein and [191 120] . 
In this paper, we use TBM to engineer a board class of lattice QFTs that are based 
on ADE Lie algebras [2n [22] and their basic representations [23l [2l] . These engineered 
lattice systems classify the electronic properties of acetylene chain as a su (2) model, 
graphene (3) lattice model and may have application in other fields; in particular 

in QFT on non commutative geometry [25l [26l [27] , where space time is viewed as a 
crystal, and in the special subset of conformal field models based on affine Kac-Moody 
invariance and vertex operators [28l [29l |30] . 

To fix the ideas; let us describe briefly the main lines of the construction in the case of the 
series A^v-i — su (N) [31] which is generated by (A^ — 1) commuting Cartan generators 
and (A^ — 1) step operators E^^ where the vectors f3 = stand for the 

positive roots of su (N) . As a QFT on crystal, our su (N) lattice model involves the two 
basic following : 
(1) the lattice CsuiN)'- 

It is made by the superposition of two sublattices Asu(n) and Bsu{n) generated by the 
su{N) simple roots as in eqs fl2.ip . This (A^ — 1)- dimensional lattice extends the ID 
chain and the well known 2D honeycomb of graphene corresponding to A^ = 2 and 
A^ = 3 respectively; see figures ([2]), ([3]) for illustration. 

Each site of Csu(n)', say G ^^^(Ar), has A^ first nearest neighbors at (r^ + Vj) G 
Bsu{N) and A^ (A^ — 1) second nearest neighbors at (r^ + Vj^) G Asu{n) with the two 
remarkable relations 

1st nearest : Vq + Vi + . . . + Mn-i =0 , (a) 
2nd nearest : Vj^ = Vj — , (b) 

that respectively have interpretation in terms of the vector weights of the fundamental 
and the adjoint representations of su (N). 

Recall that the weight vectors /-i^ (resp. /3jj = — /-ij) of the complex N dimensional 
fundamental (resp. adjoint) representations of su(A^) obey the following relations 

fundamental : ^tg + A*i + • • • + Mat-i =0 ; {^) 
adjoint : (B^j = fJ-i - ^lj , (b) 

which are analogous to (11. ip and so solve them by taking Vj = a/x^ and Vjj 
constant a to be interpreted later on. 

Notice that the constraint eqs + ^1^ + . . . + = and similarly ^ /3j • 



(1.2) 
= aj3^j with 
= are also 
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important from the physical side since they are interpreted in terms of the conservation 
of total momentum of the outgoing and incoming waves at each site of Csu{n) 

Pl + . . . + PAr_l + PO = . (1.3) 

(2) the hamiltonian 'Hsu{N) 

Denoting by F^. (resp. Gp..) the field operators generating the hops of the particles/holes 
between the site and + Vj (resp. + Vj^), the proposed hamiltonian TisuiN) 
describing the quantum state couplings up to second nearest neighbors on Csu{n) reads 
as follows, 



n 



su{N) 



( \ 

weights of 
yfund of su{N) ^ 




+ he (1.4) 



where the ti, ^2 are hop energies. The fermionic field realisations of F^^, G^.^ are given 
by eqs fl239l) . 

The proposed 'H.^^^^^ depends on the su (N) algebra representation quantities namely the 
weight vectors /Xj of the fundamental of su (N) and its roots This property leads a 
priori to an energy spectrum of TisuiN) completely characterized by the wave vector k, 
the weights and the roots (3^^; but as we will see the /Xj dependence is implicit and 
appears only through the roots. Such results are also shown to extend naturally to the 
so (2N) lattice models. 

The presentation is as follows: In section 2, we develop our proposal for the case of 
lattice models based on su (N) Lie algebras. In section 3, we consider the su (2) and 
su (3) models describing respectively the electronic properties of the acetylene chain and 
graphene. In section 4, we deepen the su (4) lattice model and in section 5 we give 
conclusion and further comments regarding DE extension. 



2 The proposal: su {N) model 

In this section, we develop our proposal by first building the real lattice Csu(n) that is 
associated with the hamiltonian (11. 4p refered to as the su(A^) lattice model. Then, we 
give a QFT realization of the field operators F^. and G^.^ using free fermionic fields on 
'^suiN)- We also give the energy dispersion SguiN) (k) relation in terms of the wave vector 
k, the weights and the roots 
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2.1 Building the lattice C 



su{N) 



The lattice Csu{n) is a real (A^ — 1)- dimensional crystal with two superposed integral 
sublattices Asu{n) and B^^^^^^; each site rm of these sublattices is generated by the su (N) 
simple roots ai, Q;jv_i; 



rriiOLi + 17120^2 + ...rriN^iOLN-i 



(2.1) 



mi,...,r?ijv— 1 



with rrii integers; for illustration see the schema (a), (b), (c) of the figure ([I]) correspond- 
ing respectively to = 2, 3, 4 and which may be put in one to one with the sp^, sp^ and 
sp^ hybridization of the carbon atom orbitals 2s and 2p. 



site type B 



site type A 





(a) m 

Figure 1: (a) 1A+2B lattice sites of Csu{2)', A-type in blue and B-type in red; the 2B 
form a su (2) doublet, (b) 1A+3B sites of Csui'S)', the 3B form a su (3) triplet, (c) 1A+4B 
sites of £sm(4) with 4B sites forming a regular tetrahedron. 

On each lattice site of Csu{n)] say of A-type, lives a quantum state A (r^) coupled 
to the nearest neighbor states; in particular the first nearest states B (r^ + Vj) and the 
second nearest ones A (jm + Vjj). 

Generally, generic sites in Csu(n) have the following properties: 

(1) A^ first nearest neighbors with relative position vectors Vj constrained as 



+Vo + Vi + . . . + Vn- 







(2.2) 



or equivalently 

-Vo - Vi - ... - VAr_i = , (2.3) 

respectively related with the fundamental N and anti-fundamental N representations of 
su{N). Indeed, by using fll.2l -a). these constraint relations are solved in terms of the 
su (N) weight vectors (resp. —fJ-i) of the fundamental (anti-fundamental) representa- 
tion as follows 

=afii = , (2.4) 
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where d is the relative distance between the closest Csu(n) sites. From the QFT view, 
this means that the quantum states at + Vj sites are labeled by the /Xj weights as 



B (r^ + Vj) = B^^ (r„) , 



and so the multiplet 



(2.5) 



(2.6) 



transform in the fundamental representation of su {N) and its conjugate in the anti- 
fundamental. 

(2) N [N — 1) second nearest neighbors of A-type with relative position vectors Vjj given 
by eq fll.ll -b) and obeying the constraint relation, 







(2.7) 



This condition is naturally solved by (11. 21 - a) and (12. 4p showing that the relative vectors 
between second nearest neighbors are proportional to su(A^) roots (3^^ like 



V 



a/3 



ij 5 



{21 



and so the condition (12.71) turns to a su (N) property on its adjoint representation labeled 
by the roots. 



2.2 More on jCsu{n) 

To get more insight into the structure of the lattice Csu{n), it is useful to recall some 
basic results on su (N) pTj . 

This algebra has ^'■^"'^^ positive roots (3^^ with i > j, which we denote collectively as 
+l3, and ^'■^"'''^ negative ones —f3 so that the sum on the total roots is zero 

E /3+ /3 =0 . ^2.9) 

positive roots negative roots 

This property which captures (12.71) is precisely the analog of eq (ll.H -a) for the case of the 
the adjoint representation of su (N). 

Moreover, the ±/3 roots have same length 0^ = 2 and are given by positive /negative 
integral combinations of the [N — 1) simple roots cxi, q:„_i 

±/3 = ±^/jQ;i , keZj^ . (2.10) 
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Notice that the simple roots are basic objects in Lie algebras; they capture sev- 
eral information. In particular, they allow to define the fundamental weight vectors Aj 
obeying 

(2.11) 



and give as well the intersection matrix 



^^j-jSSt ^ "-"i ' "-"^ = 2 (2.12) 
encoding all data on the Lie algebra properties of su {N). This matrix is real symmetric 
reading as, 

/ 2 -1 ■■■ \ 

-12-1 

0-12 



-1 



v 



(2.13) 



2 
^ ••• -1 2 

with rank r = (A^ — 1). 

Notice also that su{N) has (A^^ — 1) dimensions generated by r commuting Cartan 
operators /i^, /i'' giving the charge vectors of the su (N) states; and by the step ones 
E^^i^ allowing to hop between the states of the representation. These operators obey the 
commutation relations, 

= 



[h\h^] 
[h\E^] 
[E-^,E^] 
[E",E^] 



(2.14) 



if a + /? is a root 

and are used to construct highest weight state representation (HWR) with highest state 
\4>^^ > and highest weight vector (dominant weight) A solving the following constraint 
relations 

E+f^\<j,,> =0 
> of the representation are obtained by successive actions 



(2.15) 



The other (A^ — 1) states 
on > by the typical monomials E~^-^ . . . E~^^E~^'^ . 

One of these HWRs is precisely the N dimensional fundamental representation we are 
interested in here; it has N states. 



Mo 



Ml 



(2.16) 
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with weight vectors 

M. = A-ELiA , (2.17) 
satisfying (11. II - a) with /Xq = A; and from which we learn that 

Ati+i-Mi , (2-18) 

is indeed an su (N) root. For an illustration of (12 .17^ : see the explicit analysis regarding 
the su (4) lattice model; in particular eqf l4.14p . 

2.3 Fermionic realization of 'Hsu{n) 

Denoting by (resp. B^^^^.) the local fermionic creation and annihilation operators 
satisfying the usual anticommutation relations, the hamiltonian on Csu{n) reads as in 
f ll.4p with F^^ and Gjs operators given by 



r„ieAu{iv) ^2 ig^ 

where fi^ are the weight vectors of the fundamental representation of su (N) and /3 a 
generic root. Notice that the operators F^. and its adjoint transform respectively in 
the fundamental representation and its complex conjugate 

F^^^ N , Fl^ N . (2.20) 

By using Fourier transform of the field operators Af^ and B^^_^_^. namely, 

wave vectors k (0 '?^ \ 

S±(r^ + v,) ~ e±''^-("'"+"')S (k) ^ ■ ' 

wave vectors k 



we can put the hamiltonian T-LsuiN) like the sum over the (A^ ~ 1)- dimensional wave 
vectors k as follows, 

'k ' (2.22) 



wave vectors k 



where H^^^^ has dispersion relations depending, in addition to k, on the weights /Xj, 
the roots (3 and the hop energies ti, t2. In the particular case where t2 is set to zero; the 
hamiltonian (ll.4p reduces to the leading term 

'HluiN) = -tii E F^. + hc] , (2.23) 

\ weights fi^ J 



and its dual Fourier transform simplifies as follows, 

^ ^ \ SsuiN) (k) 

with 



(2.24) 



£.«(7V) (k) = ^ e - . ^2.25) 

weight vectors /jj 

From these relations, we can compute the dispersion energies of the "valence" and "con- 
ducting" bands by diagonalizing H^^^\ These energies are given by ± |£sM(Ar) (k)| with. 



^su{N) 



\ 



N-l 



iV + 2 ^ COS [ak. (fi-fij)] 

i<j=0 



(2.26) 



Notice that \esu{N) (k) | depends remarkably in the difference of the weights fi^—fi^; which 
according to fl2.10p is just the sum over su{N) roots J2'i=i(^i with /3j = ^ii—^Xij^^. It 
follows then that dispersion energies for the first nearest neighbors depend on the wave 
vector k and the roots of su (N). 



'Su(N) 



(k)| 



N-l 

N + 2 cos(aELk.A 

\ i<j=0 



(2.27) 



I I 

This result is expected from group theory view since |£sn{Ar)| = £su{n)£su{n) should be 
put in correspondence with the tensor product of the fundamental representation N_ and 
its complex conjugate N 

mN = hd © adjsu{N) , tr {kd) = N , (2.28) 
giving the adjoint representation of U (N) ~ (1) x SU (N). 

Notice finally that eqf l2.27p may be further explicited by first expressing f3i in terms of 
simple roots as in f l2.10p : that is f3i = J2m=i^miOtm with M„; integers. Then expand 
the wave vector as k = J2n=i Qn^n with g„ real number; and use ( 12.1 ip to put fl2.27p in 
the following handleable form 



'Su{N) 



(k)| 



N-l / j N-l \ 

A^ + 2 ^ COS a^^g„M„n . 

i<j=0 \ l=i n=l J 



(2.29) 



Below, we consider explicit examples. 



3 Leading su (N) lattice models 

In this section, we illustrate the above study on the leading examples = 2,3. These 
two lattice models describe the electronic properties of the delocalized electrons in the 
infinite acetylene type chain and graphene. 
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3.1 the su (2) model 

In this case, the lattice Csu{2) depicted in the figure (E]) is a one dimensional chain with 
coordinate positions where a is the site spacing and m an integer. 



B3 



Figure 2: the lattice Csu{2) given by the superposition of two sublattices Asu{2) (in blue) and 
^su{2) (in red). The atoms may be thought of as carbons in the sp^ hybridization state. 

Each site of £su{2) has two first nearest neighbors forming an su (2) doublet; and two 
second nearest ones associated with the two roots ±a of su (2) in agreement with the 
generic result summarized in the table, 



nearest neighbors 


su (iV) 


su (2) 


su (3) 


su (4) 


first 




2 


3 


4 


second 


A^(iV- 1) 


2 


6 


12 



(3.1) 



In this N = 2 model, eqsf ll.ip read as 



vo + vi = 
Vol = Vo - vi 



(aj 
(b) 



(3.2) 



and are solved by the fundamental weights /Xq = +|, = — | of the su(2) fundamental 

representation; i.e the isodoublet. 

The hamiltonian 'Hsu(2) of this model is given by 



n 



su{2) 



-ti + F_i + /ic) - t2 (G+i + G^i + he) 



(3.3) 



where ti and t2 are hop energies. The fermionic field realization of the F^i and G±i 
operators read in terms of the creation and annihilation , as follows 



m 



(3.4) 



Moreover, substituting = 2 in (]2.26p . we get the dispersion energy 

\£su(2) {k) \ = tiA/2 + 2cos {2ak) 



(3.5) 



which is also equal to 2ti cos (ka) and from which we read that the |£su(2) (^)| zeros take 
place for the wave vectors fc„ = ±^ mod 
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3.2 the su (3) model and graphene 

The lattice Csu{3) is precisely the 2D honeycomb of graphene; it is given by the super- 
position of two sublattices Asu{3) and Bsu(3) as in the figure ([3]). 




Figure 3: sublattices A (in blue) and B (in red) of the honeycomb. The atoms may be thought 
of as carbons in the sp'^ hybridization state. 

Each site in £5^4(3) has 3 first nearest neighbors with relative vectors v^; and 6 
second neighbors ±Vjj = ±eijkVk in one to one correspondence with the vector weights 
of the su (3) fundamental representation and its roots. We have 

Vi = , ±Vi = ±aai , (3.6) 

where a = d-\J^. To fix the ideas, we give below the explicit expressions of the weight 
vectors fXi, fj,2i A*o ^^e roots cki, cx2, 0:3, 

a, = (v^,0) , a2 = (-^,f) , a3 = (f,f) , ^'^ 

from which we learn that 0:3 = cki + 0:2 as it should be. In addition to the feature 
fi.a gZ, these vectors obey the constraint relations 

2 

J^Vi = 0, CX+ a = (3.8) 

i=0 positive roots negative roots 

together with the following remarkable relations 

Mo - Ml = 0:3 , Ml - M2 = "1 > M2-M0 = «2 , (3.9) 
Substituting = 3 in (I2.26P and using the above equations, we get the dispersion energy 

\^su{3) (k) I = tiA/3 + 2 [cos ak.cxi + cos ak.a.2 + cos ak.Q;3] , (3.10) 
depending on the wave vector k = {k^, ky) and the su (3) roots. 
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4 the su (4) lattice model 

To illustrate the general properties of the su (4) model; we first give some basic features on 
the connection between Cguii), depicted by the figure (jl]), and the su (4) representations. 
Then, we develop a dynamical model based on the crystal Csu(4)- 




Figure 4: the lattice £sm{4) with sublattices Asu{4) (in blue) and Bsu{4) (in red). Each atom 
has 4 fii'st nearest neighbors, forming a tetrahedron, and 12 second nearest ones. 



4.1 structure property of Csu{4) 

The lattice CsuiA) is a 3-dimensional crystal; it is made by the superposition of two 
isomorphic, but shifted, sublattices Asuii) and Bsu{4) foHowing the same logic as in the 
case of the honeycomb which may be recovered by projection on a 2D plane. 
Each site in Csuii) has 4 first nearest neighbors at (r^ + Vj) forming the vertices of a 
regular tetrahedron. A way to parameterize the relative positions Vj with respect to the 
central position at is to embed the tetrahedron inside a cube; in this case we have: 

-i = ^(-l'-l'+l) ' -2 = ^(-1, +1,-1) 
^3 = ;|(+1,-1>-1) , vo = ^(+l,+l,+l) 

Clearly these vectors satisfy the constraint relation fll.lj -a). Moreover, having these 
expressions, we can also build the explicit positions of the 12 second nearest neighbors; 
these are given by eqf ll.ll -b): but are completely generated by the following basis vectors 

Ri = ^(2,2,0) , R2 = ^(0,-2,2) , R3 = ^(-2,2,0) (4.2) 

that are related to Vj^ as follows, 

Ri = V(,_i), (4.3) 
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For later use, it is interesting to notice the two following: 
(a) the Rj vector basis have the following intersection matrix 



R.j.R,j 



3 ^ 



(4.4) 



with Kjj and its inverse as 





/ 2 -1 


\ 




/3 


2 


1 \ 




-1 2 


-1 


' U 4 


2 


4 


2 




V -1 


2 ) 




I 1 


2 


3/ 



(4.5) 



(b) using (14. ip and (14. 2p . it is not difficult to check the following special relation linking 
the Rj's and vq, 

|Ri + |R2 + iR3 = vo . (4.6) 

In fact this relation is a su (4) Lie algebra property following from K~-^ and (12. lip . 
Concerning the vector positions of the remaining 9 second neighbors, 3 of them are given 
by — Ri, — R2, — R3 and the other 6 by the linear combinations 



+R4 
— R4 

+R6 



V02 =+Rl + R2 , +R5 = Vi3 

V20 = —Ri — R2 , — R5 = V31 

Vo3 = +Ri + R2 + R3 , —Re = "^30 



+R2 + R3 
-R2 - R3 

-R, -R2-R3 



From this construction, it follows that generic positions r 
and Bsuii) sublattices are given by 



A 
m 



miRi + m2R2 + ?Ti3R3 



(4.7) 

rm and in the A«(4) 
(4.8) 



is 



where m = (mi,m2,m3) is an integer vector and where the shift vector v = 
one of Vj's in (14. ip . 

Regarding the connection between Cguii) and the su (4) Lie algebra representations, we 
distinguish two kinds of relations: 
(1) a relation involving the roots 

From (14. 4p . it follows that the basis vectors Ri, R2, R3 may be interpreted in terms of 
the simple roots ai, 0:2, 0:3 of the su (4) Lie algebra. More precisely, we have 



Ri 



2d 



^ai , - ^-2 , --3 - 

from which we learn that the matrix Kij = cXi.OLj is indeed the Cartan matrix of su (4). 
We also have the following relations showing that the position vectors of the second 
nearest neighbors are indeed in one to one correspondence with the roots of su (4), 



R. 



2d 



OL2 



R3 



2d 



OL3 



(4.9) 



R4 



0L2) 



R5 



2d 



^2 + "3 



Rfi 



2d 
V3 



"3 + OLl, 



(4.10) 
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together with their opposites. 

(1) a relation involving the fundamental representation of su{4) 

As described for the generic su (N), the four relative vectors Vj are, up to a global scale 
factor, nothing but the four weight vectors /x^ of the fundamental representation of su (4). 
The highest weight A of this representation, which we set as n^, is precisely given by 
eq fl4.6p . Thus, we have 

-0 = ^0 , V, = ^^, , V, = ^M2 , V3 = ^M3 (4.11) 

that obey obviously the constraint relation 

Mo + Ml + M2 + Ms = . (4.12) 

This constraint equation is a typical vector relation for highest weight representations of 
Lie algebras; it extends the well known su (2) ones whose leading terms are 



su{2) 


sum over weights 


doublet 


1-1 = 


triplet 


1+0-1 =0 


quartet 


3+1 3 1 _g 
2^2 2 2 



(4.13) 



To exhibit more explicitly the constraint relation f l4.12p . it is interesting to express the 
weight vectors in terms of the simple roots of su(4). We have 

Mo = + i"2 + i^s 

Ml = -i^i + |q=2 + ^^^^^^ 

M2 = - |"2 + lag 

Ms = - !"2 - jOL3 

This analysis teaches us as well two basic things: 

First the number A^i of the first nearest neighbors in the lattice Csu{4) is related to the 
dimension of the fundamental representation of su(4) 

A^i = dim(4) = 4 (4.15) 

This means that the QFT on this lattice should capture some data on su (4). 

Second, the number N2 of the second nearest neighbors in Csu{i) is also related to a su(4) 

quantity namely, 

N2 = dim [su (4)] - rank [su (4)] = 15-3 (4.16) 

These two Lie algebra numbers may be used as an algorithm to extend this construction 
to the case of the so {2N) and the Eq, Ey, Eq exceptional simply laced Lie algebras. 
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4.2 dynamical vacancy on lattice: a toy model 



We begin by noting that, as far as the electronic properties are concerned, the schemas 
(a), (b), (c) of figure ([I]) may be respectively associated with the sp^, sp^ and sp^ 
hybridizations of the atom orbitals; i.e: 



figures 


hybridization 


example of molecules 


(IBa) 


sp^ 


acetylene 


©b) 


2 

sp 


graphene 




sp 


diamond 



(4.17) 



In the two first examples, the atoms have delocalized pi- electrons that capture the 
electronic properties of the lattice atoms and have the following dispersion relation. 



'Su{N) 



(k)| 



iV + 2 ^ COS [ak. i^i-^ij)] 

i<j=0 



(4.18) 



with = 2,3. 

In the case of sp^, the atoms have no delocalized pi-electrons; they only have strongly 
correlated sigma- electrons which make the electronic properties of systems based on 
'^su(4) different from those based on Csu{3) and Csu(2)- 

However, as far as tight binding model idea is concerned, one may consider other appli- 
cations; one of which concerns the following toy model describing a system based on the 
lattice Csu{4:) with dynamical vacancy sites. 
Toy model 

This is a lattice QFT on the Csu{4) with dynamical particles and vacancies. The initial 
state of the system correspond to the configuration where the sites of the sublattice 
v4.su(4) are occupied by particles and those of the sublattice Bguii) are unoccupied. 



sublattice 


initial configuration 


quantum state 


A 


particles at 


A(r„) 


B 


vacancy at + v 


B (r„ + v) 



(4.19) 



Then, the particles (vacancies) start to move towards the neighboring sites with move- 
ment modeled by hop to first nearest neighbors. 

Let A (r^) and B (r^ + Vj) be the quantum states describing the particle at and the 
vacancy at + Vj respectively. Let also Af^ and B^^_^_^_ be the corresponding creation 
and annihilation operators. The hamiltonian describing the hop of the vacancy /particle 
to the first nearest neighbors is given by 

3 



H 



SU4 



,i=0 



(4.20) 
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where the //^'s are the weight vectors of the fundamental of su (4). By performing Fourier 
transforms of the Af^, B^^_^_^_ field operators , we end with the dispersion energy 

with Vjj as in f l4.6tl4.7p . This relation depends on the wave vector k = {k^, ky) and the 
su (4) roots. 



5 Conclusion and comments 



In the present paper, we have used TBM to engineer a board class of systems that are 
based on su (N) Lie algebras and their basic representations. These engineered systems 
classify the acetylene chain and graphene as su (2) and su (3) models respectively. Our 
construction may have other applications; in particular in QFT on non commutative 
geometry where space time is a lattice and in lattice QFT for condensed matter as 
exemplified by the dynamical vacancy/particle toy model introduced in subsection 4-2- 
Our su (N) lattice models relies on the two following basic ingredients: 

(1) the first nearest neighbors in Csu{n) with positions Vj = afi^ and wave functions 
(r^) transform in the fundamental representation of su (N). The Vj's and the weight 

vectors /x^ are as in eqs (ll.ll -a. 11.21 -a ), 

(2) the (A^ — 1) second nearest neighbors in Csu(n) with positions Vjj = Vj — Vj are, 
up to a global scale factor, given by the (A^ — 1) roots /3jj of su (N). 

Using these features, we have constructed a su (N) lattice model with hamiltonian TisuiN) 
(11. 4p : it involves operator fields and transforming respectively in the fundamental 
and adjoint representations of su {N). This symmetry captures basic data on the energy 
spectrum of TisuiN) as shown by the dispersion energy given by the formulae (12. 26112. 27|) . 
Our proposal may be extended to the other DE simply laced Lie algebras. In the case of 
Z^AT ~ so (2A^) for instance, the lattice Cso{2N) is N- dimensional generated by the simple 
roots oln with matrix intersection 

/2-io---n n n n\ 

-1 2 -1 ■■ 
0-12 



OLi.CXj 






































2-100 

-1 2 -1 -1 
0-12-1 
0-1-12 



(5.1) 
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Here also, the Cso(2N) lattice is made by the superposition of two sublattices Aso{2N) and 
^so(2N)- For each site at v^, we have 2N first nearest neighbors at + v/ with relative 
vectors v/, which may be split as, 



satisfying the following constraint relation 

2N N 



ri , l<i<N , 



(5.2) 



V/ = (vi + v,+jv) = 



(5.3) 



1=1 



1=1 



which extend the su(A^) one given by f ll.lj -a). In the example of so(6), the first nearest 
neighbors form an octahedron as depicted in figure ([5]), 




Figure 5: the lattice Cso{e)', each (blue) atom has 6 first nearest neighbors constituting an 
octahedron and transforming in the vector representation of so(6) . 

The relative vectors v/ transform in the 2N vector representation of so{2N); they 
allow to define the second nearest neighbors by help of (11. li b) which reads in the so {2N) 
case as follows 

V„ = (^<^'7^; (5.4) 

[ ±(Vi + Vj-) 

These V/j's should be put in one to one correspondence with the 2N {N — 1) roots of 
so{2N). Recall that so{2N) is N {2N — 1)- dimensional and has rank A^; that is 
simple roots oci which read in terms of the weight vectors of the 2N representation like 
CKj = /Xj — and ocn = Mat-i + A* at- The generic roots are given by ± (^tj ± /x^) with 
^ ^ i, j N and should be compared with (15. 4p . In the end notice that the dispersion 
energy for the first nearest couplings reads as 



£so(2N) (k) = tl 



N N 

2N + 2 ^ cos [ak. (/x^-zx^)] + 2 ^ cos [ak. (ni+Hj)] (5.5) 

i<j=0 i<j=0 
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and, like in the su {N) case fl2.26p . it also depends on the so(2A^) roots (3^^ = fj,j^±fj,y 



We end this conclusion by making one more comment concerning some related works on 
fermions living on a 4d hyperdiamond lattice Ha which has been used in lattice QCD 
[32]; see also [33]- [36] for extension^^. It is interesting to note that the 4d hyperdiamond 
lattice Hi used in [32] is precisely Csu(5)', and the higher dimensional diamonds "Hat 
given in [33] are exactly the Csu{n+i) lattices we have discussed in section 2. Moreover, 
several features obtained for the A'^-dimensional hyperdiamond Hn with N > 2 are 
just algebraic relations on the weight and root systems of the su {N + 1) Lie algebra 
with discrete symmetries generated by Weyl group transformations given by the iStv+i 
permutation group. This is the case for instance of the remarkable relation, 

cos^^. = Pm = l ' ^^J = l,...,N , (5.6) 

derived in [33] where 'dij = (aJ7^) are the angles between the primitive vectors = 
ej — 65 of the lattice Hn and where the a^'s stand for the generators of the sublattices An 
(resp. Bn) of the A'^- dimensional hyperdiamond Hn- Notice that eq fl5.6p is independent 
on lattice dimension and on the orientation of the primitive vectors. A way to prove the 
universality of this relation is to relate it with basic relations of Lie algebras. A lengthy, 
but straightforward, analysis shows that the 5 bond vectors and the 4 primitive 
SLi used in [32] are respectively related to the 5 weight vectors /Xj of the fundamental 
representation of su (5) and its 4 simple roots CKj as follows 

Bi = ^/x^, fiiHi = |, /x^./x,. = -i, (5.7) 



and 



ai = -^0:1 



as = («! + 0:2 + as) 

a4 = (cKi + 0:2 + «3 + «4) 

From these realizations, the constraint equation ^ Gj = corresponds to the property 
X] = 0; see also flL2p . Moreover eq fl5.6p can be read in terms of the su{5) Cartan 
matrix K-i = ^"''"^ . 

Acknowledgement 1 .■ L.B Drissi would like to thank ICTP for the Associationship 
program. 



^we thank the referee for pointing to us the relationship between our lattices jOsu{d+i) based on Lie 
algebras, constructed in section 2, and the D-dimensional hyperdiamond "Hd described in this section. 
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